X-parameters, a powerful solution to the simulation of nonlinear microwave components, can be used for other wave systems with distributed parameters. This paper introduces Xparameters to the acoustic field to deal with highly nonlinear large signals and boundary conditions. Firstly, an elastic membrane was selected to serve as the nonlinear boundary. Then, the equivalent electronic lumped model of the elastic membrane was established based on its nonlinear differential equation (NDE). The X-parameters of the model were determined by poly-harmonic distortion modelling. Then, an electrical analogy of the nonlinear system was established by two port method. The simulation and experimental results show that the properties of the elastic membrane were characterized well by the X-parameters.
INTRODUCTION
For the decades, S-parameters, or scattering matrix, have been among the most important of all the foundations of microwave theory and techniques in electronic network analyzing. Graphical methods based around the Smith chart were used to visualize and interpret S-parameters. In acoustics field, the duct system can be explained as a network of uniform straight ducts. The straight ducts are coupled together via different passive elements such as; bends, T-sections, mufflers, etc. When the linear object is investigated, the linear theory can be characterizing the object in term of reflection and absorption coefficient. Åbom [1] defined the Scattering Matrix of the two-port in linear condition which exactly refers to Sparameters in four-pole electrical network theory. Also, the two-port methodology is applied to characterize the acoustics elements under pure tone or random excitation, an investigation about harmonic interaction effects using twotone excitations was made by Boden [2] , furthermore the study has been expanded to multi tone in Ref. [3] . Two port Sparameters can be used for linear element, but the nonlinear elements generate other harmonic frequencies under single tone frequency. Bodé n [4] applied Polyharmonic Distortion Modelling to Acoustic Characterization of Perforates which was inspired by Jan Verspect who first investigated describing functions which can better model hard nonlinearities in the frequency domain than the Volterra theory [5] . Beside these investigations, Bellet and Cochelin [6] was interested to observe Nonlinear Targeted Energy Transfer (TET) phenomena in duct acoustics with nonlinear membrane; they implemented the equivalent mechanical analogy to interpret the occurrence of the TET. Moezzi [7] attempted to expand the TET concept with applying different boundary conditions in duct acoustics. Almost in all recent research, the S-parameter concept applied to characterize the behavior of the OUT (Object Under Test).
Latest references on application of RF (Radio Frequency) for nonlinear exhibited properties can be seen as follows: Design of hardware for RF dynamic range and distortion was presented by Narayanan, et al. [8] , One port device was designed to simulate the extraction procedure of extraction model for poly harmonic distortion was shown by Martí n-Guerrero, et al. [9] . Parameter estimation of nonlinear largescale systems through stochastic methods and measurement of its dynamic response was designed by Dimitrios and Alexandros [10] . A novel kernel regularized nonlinear GMC model and its application was designed by Ma, et al. [11] . Deconvolution of vibroacoustic images using a simulation model based on a three-dimensional point spread function was presented by Talita, et al. [12] . Complex background suppressing for vibro-acoustography images that map out the acoustic response and acoustic emission was introduced in Ref. [13] . Some complexed signal processing on specific topic with harmonics was designed by Krčmařík, et al. [14] . Design of wireless communication network and database archiving smart systems was presented by Minh, et al. [15] . Sophisticated nonlinear formulas, calculations, and simulations were introduced by Minh, et al. [16] . And the application of AI neural and fuzzy for nonlinear system calculations was presented by Moezzi, et al. [17] .
So, in this paper, we will take into account the concept of X-parameters and simulate the equivalent electronic lumped model of elastic membrane absorber based on its NDE (Nonlinear Differential Equation) in ADS©. The paper will be organized as follows: the first part will give a brief introduction on X-parameters and explain why X-parameters are not reliant on the phase. Then, some experimental results of acoustics nonlinear observation are presented. An electrical analogy of the system with two port method is designed. Experimental and simulations results of this method are presented. Finally, some remarks and conclusion of this paper is given.
METHODOLOGY
To define the X-parameters, first, it is important to realize that the nonlinear DUT (Device Under Test) performance in large signal field, cannot be described by linear S-parameters. In a simple but important case, it will be confirmed that a DUT description in terms of a nonlinear spectral mapping of signals defined on a harmonic frequency grid overcomes this limitation. The principle of time invariance also is raised to obtain the final form for "single-tone" X-parameters. It can be considered the output of a nonlinear element when a high sinusoidal signal with frequency f1 is applied at port number 1, the output would be an amplified of the sinusoidal input signal and other signals with frequencies which are the harmonics of f1 as shown in Figure 1 .
Figure 1. Stimulus and response
The scattered waves from the output port, B2(t), Comprises important energy at harmonic frequencies. Generally, the energy is scattered in the frequency domain on a grid, ωn, defined by the input, ω1
The magnitude and the phase of the stimulus construct the complex amplitude of the response at each harmonic at any of the ports which depends on A1,1 (Stimulus). This dependence could be represented in Eq. (2), which is generalized to an arbitrary number of ports, N:
Eq. (2) shows a nonlinear spectral mapping of the input, A1,1, to the responses of the system, Bp,k.
Another important concept to explain the X-parameters concept is time-invariance, The time-invariance condition imposes some useful properties upon the nonlinear functions Fp,k in Eq. (2).
Assuming the response at port 2 of the DUT, B2(t), due to the input applied at port 1, A1(t), the behavior of the nonlinear DUT is described by an operator O, in Eq. (3).
In general, The X-parameters for the multi-harmonic inputs would be defined as (5) ,
which, Am,n are the inputs at port number(m) and harmonic (n), P is defined as
It is concluded that X-parameters are not reliant on the phase of the fundamental due to the multiplication of each harmonic complex-valued argument with the coefficient Pk , which time shifts each harmonic to the moment when the fundamental has a phase of 0 o , effectively removing the dependence on the phase of the fundamental [18] .
EXPERIMENTAL ACOUSTICS, NON-LINEAR OBSERVATION
In this study, the non-linear phenomena are studied in a specific configuration. The primary linear system is represented by a straight duct with total length of 2m and inner diameter of 0.1m where the acoustic waves, generated by an external loudspeaker, propagate in planar linear regime. The essentially non-linear attachment is represented by an elastic, circular membrane. In this scenario, there are two coupling boxes, one between the loudspeaker and the duct and another one between the duct and the membrane as shown in Figure 2 .
The acoustical excitation has been provided by a loudspeaker HERTZ EV165 (140 W, 120 mm diameter) in the right-hand side of the rig. The loudspeaker is driven by a software-based signal generator through National Instruments™ NI9269 analog output module and power amplifier (Velleman™ VPA2100MN). The signal acquisition has been performed by a dynamic signal analyzer (National Instruments™ NI NIcDAQ 9174 and NI 9234), controlled by PC based virtual instrument (LabVIEW™). The acoustic pressure has been measured by using two flush mounted ¼" pre-polarized pressure microphones (type 40BD G.R.A.S.™, equipped with preamplifiers 26CB G.R.A.S.™). The microphone separation distance is s=300mm. According to the relationship 0.1π<ks<0.8π [19] , the corresponding frequency region reckoned during the measurements ranges from 57 Hz to 457 Hz at the temperature of 20 °C. One of the two microphones (indicated as Mic.2) is located at the midsection of the duct (distance 1m from the end sections). Details about the characteristic material of the membrane are listed in Table 1 and taken from manufacturer datasheet. For the excitation range examined, the nonlinear behavior occurs from fn2 Hz (92Hz) to fn+5 Hz (97Hz), thus in a quite limited frequency range. Due to the two expansion chambers confining the duct, at the resonance frequency the values of acoustic pressure reached within the duct are higher. Moreover, the minima reached at the occurrence of nonlinear behaviors are at ≈60 Pa. The result is shown in Figure 3 .
This figure clearly shows, despite the increasing of loud speaker signal, there is nonlinear behavior and reduction of pressure at Mic2 in certain frequencies. The Figure 4 represents the relation between frequency, amplitude and how both affects the reflection coefficient of the membrane. This is clearly dealing with the definition of nonlinear system which the pressure is not anymore just function of frequency. The reflection coefficient is structured with simultaneous effect of amplitude and frequency together. 
ELECTRICAL ANALOGY OF THE SYSTEM
To investigate the characterization of membrane the twoport (four-pole) is required, the details are as Figure 5 The nonlinear differential equation which expresses the transversal displacement of the membrane (q) is obtained by considering the nonlinear plate equation of the Von-Karman type (large displacements, small strains and moderate rotations) taking account of a constant in-plane pre-stress [6] . Because under the pressure applied by the air in the coupling box, the thin visco-elastic circular clamped membrane performs large amplitude oscillations. Typically, the displacement at the center can be about 10 mm, which is 10-30 times larger than the membrane thickness.
The second order, nonlinear differential Eq. (7) express the displacement of the membrane:
where, the coefficients k1 and k3, respectively, stand for the linear and nonlinear stiffnesses. The parameter is the ratio between the pre-strain e0 and the (strain) buckling load of the membrane. Other coefficients can be found in same Ref. [6] . The equivalent differential equation with respect to electrical analogy would be:
where, Q is charge of the electrical circuit and dots represent the differentiation in time. L is inductance corresponds to mass of membrane, c1 and c3 are linear and nonlinear capacitors which corresponds to springs, R1 is the linear resistor equivalent to linear damper. E(t) is the AC source voltage corresponds to acoustics pressure applied to membrane.
SIMULATION AND RESULTS
For the simulation of the system, the advanced design system software (ADS) is used. The following schematic design in Figure 6 , shows the electrical circuit as a DUT under X-parameter simulation. In the configuration of X-parameters only order 3 with third harmonics is considered. Based on Harmonics Balance methodology, when there is cubic term of nonlinearity under bifurcation for NDE, the higher orders of ε become negligible. So, the third order is a reliable choice to consider. The interesting result which shows that under fundamental frequency excitation, the third harmonics with different order is generated and the following Smith chart illustrates the generated X-parameter of the DUT.
There is important to clarify that the value corresponds to mechanical analogy has not been taken in to account, and the main aim of simulation is to prove the generated harmonics based on X-parameters under fundamental frequency stimulus.
CONCLUSIONS
The lumped component model makes simpler to describe the behavior of spatially distributed physical structures into a topology consisting of discrete objects that estimate the behavior of the distributed system under certain assumptions. In this study, the X-parameter technique has been applied to acoustic duct system which involves nonlinear property due to nonlinear boundary. The mechanical analogy has brought to electrical lumped model and under this conversion, Xparameters are generated to characterize the elastic membrane properties. Interesting results has shown that under fundamental frequency, the harmonics frequencies have been excited and conventional linear approaches like Scattering matrix are not capable to analyze such domain. In future studies it would be interesting to investigate the real value of the parameters corresponding to the lumped model. As a general comment of this study, the authors would like to motivate and emphasize on multidisciplinary concepts which is vital tool to expand human perspective on science.
